The object of this note is to supplement a paper by Young [l] ,1 On the isoperimetric ratio for a harmonic surface, by answering in the affirmative a question raised by Morse and Tompkins [2] . Continuity of area as the harmonic surface S* shrinks to a point is dealt with by Young by means of his main inequality. Here the same machinery deals with the more general case in which S* approximates another
In what follows r= | «4-¿o|, D is the disc r = l, R its rim, and, in correspondence with a real number / where 0<2<1, D~ is the concentric disc r-T-/ and R+ is the annulus 1-t^r = l. We shall divide R+ into n parts a by the n segments X in which it is met by the lines amp (u+iv) =2wk/n, where -n/2<k^n/2.
The suffixes t, or k, n, t in D~ and R+, or in a and X, are understood to have been dropped.
S and S* denote continuous vector functions x(u, v) and x*(w, v) on D and it is assumed that x*(u, v) is the harmonic extension to D of a continuous vector function on R. We shall assume further that (1 -r) I xM+ix"| is bounded in D, and we denote by b its supremum; b* is similarly defined in terms of S* [and is finite since x*(u, v) is harmonic].
We write d(S, S*) and p(S, S*) respectively for the suprema in D of the expressions! x(u,v)-x*(u, v)\ and (1 -r)\ (xu -x*)+i(xv -x*)|. Moreover, given any subset E of D whose boundary is a simple closed curve C, we write b(E) for the diameter of the set of values x(E) taken by x(u, v) in E, and A(E), L(E) respectively for the area and boundary-length defined by the expressions I I {xuxv -(xuxv) } dudv, I I dx \ ; Lemma 1. For the sum of the angles a subtended at cos Y+¿sin y by the n segments X, we have the estimate 2~la <"■ provided that t í£ r¡(n) where r¡(n) = [w(l+log n)}~1.
Proof. We first estimate the angle a, subtended by the single segment X = AB on which amp iu+iv) =6, in terms of ß = \0-y\ /2 where 0-7 is reduced mod 2ir so that 2ß^ir. The diameter AC containing AB subtends a right angle at Af = cos 7+í'sin y and we have two expressions for the sine of the angle <b subtended by MC at B:
2 sin ß sin a/t^AM sin a/AB=sin <j> = MC cosa/BC=2 cos ß cos a/(2-i).
Hence if pVO we find that a < tan a = * cot ß/i2-t)<t cot j3 <t/ß; moreover, in any case, «^tt/2.
To establish our lemma, in which we may suppose by circular symmetry that 0^7^7r/re, we have, on denoting by 2~1' and 2~1" Lemma 3. There is an absolute constant K and, given S and e>0, a number t = t0ie, S) <e, such that the inequality diS, S*) <e implies A*iR+)^eKL*. Proof.
Since the quantities |xu-f-ix"|/£>, |x*+íx*| /b*, and | (xu-x*)+i(xv-x*)\/p(S, S*) do not exceed (1-r)~l, the expression U = x\,x\ -(x"x")2 differs2 from the corresponding expression U* by at most K2(l -r)~4p(S, S*) (b+b*)* where K is an absolute constant. provided our hypotheses are satisfied and e" = t* where t = t(e, S). This completes the proof.
